In representation theory, the existence of a Z + -grading on a related finite dimensional algebra often plays an important role. For example, such a grading arises from the Koszul structure of the finite dimensional algebra representing the principal block of the BGG category O associated to a complex semisimple Lie algebra. But Koszul gradings in positive characteristic have proved elusive. For example, except for small values of a positive integer n, it is not known if the Schur algebra S(n, n) has such a Koszul grading, assuming the characteristic p of the base field satisfies p ≥ n, though this grading would suffice to establish Lusztig's character formula for these algebras. (And even though the character formula is known for p sufficiently large [H. Andersen, J. Jantzen and W. Soergel, Representations of Quantum Groups at a pth Root of Unity and of Semisimple Groups in Characteristic p, Astérique, Vol. 220, 1994], it is not known if the Schur algebra is Koszul for p sufficiently large.) This paper introduces Z/2-gradings on quasi-hereditary algebras, and shows that these gradings are almost as useful as a full Z + -grading, while being possibly much easier to find. We define the notion of a Z/2-based Kazhdan-Lusztig theory, which appears to be more flexible than, and generalizes, the notion of a Kazhdan-Lusztig theory (as first defined in [E. Cline, B. Parshall and L. Scott, Abstract Kazhdan-Lusztig theories, Tôhoku Math. J. 45 (1993), 511-534]). However, its existence suffices, as was the case with the original notion, to establish character formulas in the standard settings, determine Ext n -groups, and show that homological duals behave well. Finally, we present some suggestive symmetric group examples involving Schur algebras which were an outgrowth of this work.
Introduction
Graded structures play an important and often subtle role in representation theory. For example, in characteristic 0 theory, the existence of a Z + -grading-even a Koszul structure-on the finite dimensional (quasi-hereditary) algebra representing the principal block for the category O (associated to a complex semisimple Lie algebra g C ) follows from classical (and deep) work of Beilinson et al. [4] (see also [21] for another point of view). In positive characteristic p, Andersen et al. [2] prove that the principal block of the restricted enveloping algebra of a semisimple algebraic group G has a kind of Koszul structure whenever the Lusztig conjecture [20] holds. See also [13] for a general discussion of passing from Koszul structures for an algebra over a quotient field of a domain to residue fields associated to points in some open set of the variety or scheme defined by the domain. In general, the existence of an interesting Z + -grading on other important algebras (for example, Schur algebras) seems to be a very difficult, but important, problem. If the Z + -grading is sufficiently rich, its existence implies the validity of the character conjectures in standard Lie theory contexts [12, Remark 2.3.5 and Example 3.2]. However, even the validity of the strongest nongraded versions of these conjectures yet devised do not imply the existence of a nice (compatible with the radical powers) Z + -grading in an abstract setting; see [12] .
But the existence of an interesting Z/2-grading appears much easier and is potentially almost as useful.
Let A be a quasi-hereditary algebra (QHA) over a field k with weight poset . Call A a Z/2-QHA provided that A has a Z/2-grading A = A¯0 ⊕ A¯1 with A¯1 ⊆ rad A, the radical of A. We will let C gr denote the category of Z/2-graded A-modules. Natural examples of such Z/2-QHA algebra structures may, of course, be obtained from any Koszul grading (or any Z + -grading compatible with the radical powers) on a QHA by collecting together even and odd grades. But another algebraically natural Z/2-QHA structure arises for any QHA whenever a function : → Z is given: Put
where the {e λ } λ∈ are a complete set of orthogonal idempotents in A such that Ae λ is isomorphic to a direct sum of the projective indecomposable cover of the irreducible module L(λ) indexed by λ. Clearly, t 2 = 1, so let θ ∈ Aut(A) be conjugation by t. If A¯0 (respectively A¯1) denotes the fixed-point space (respectively −1-eigenspace) of θ , A = A¯0 ⊕ A¯1 defines a Z/2-QHA structure on A (provided p = char k = 2). 1 This paper studies Z/2-QHAs. In particular, we introduce the notion of a Z/2-based KazhdanLusztig theory in terms of functions : → Z/2. In terms of the costandard modules ∇(μ) and irreducible modules L(λ), we require that Hom is also assumed. (Typically, = 0 identically.) In Theorem 5.1, we prove that if C gr is defined by means of (*), then it has a Z/2-based Kazhdan-Lusztig theory provided that A-mod has a Kazhdan-Lusztig theory (as defined in [10] ).
The converse to Theorem 5.1 fails. A counter-example is provided in Example 5.2. A QHA A can have a Z/2-grading leading to a Z/2-based Kazhdan-Lusztig theory without having a KazhdanLusztig theory in the original sense. Thus, the new notion is a candidate for a revised, and, perhaps more flexible, version of an abstract Kazhdan-Lusztig theory. So far, most properties previously proved by us for QHA A for which A-mod has a Kazhdan-Lusztig theory also hold for this new notion. For example, in Theorem 4.2 and Remark 4.3(a), we prove that the existence of a Z/2-based Kazhdan-Lusztig theory is sufficient to establish character formulae for irreducible modules in the standard Lie-theoretic setting; in particular, a Z/2-based Kazhdan-Lusztig theory is sufficient to prove the famous Lusztig conjecture (for reductive groups in positive characteristic p ≥ h, the Coxeter number). This sufficiency is also a property of the original Kazhdan-Lusztig theory [9] . We also prove another major property of the previous notion, that all Ext n G groups between irreducible modules can be determined in terms of abstract Kazhdan-Lusztig polynomials in the presence of a valid Z/2-based Kazhdan-Lusztig theory. See the remark after Definition 4.1. Also, in Theorem 6.1 we show that homological duals behave well when a Z/2-based Kazhdan-Lusztig theory exists, thus adapting to this situation the main result of [10] .
In examples arising from Lie theory, or closely related to it, the situation is quite different from that suggested by Example 5.2. In general, one expects all reasonable definitions of 'Kazhdan-Lusztig theory' to be equivalent in such settings. Still, new notions such as ours may be easier to establish or may lead to the discovery of new examples. We discuss, in type A, some suggestive symmetric group examples to which this investigation led. The examples point to a possible Kazhdan-Lusztig theory-even in the original sense-for Schur algebras, involving at least some (singular) weights for smaller primes p < h. We speculate that such a theory should hold under the hypothesis p 2 > h of the James conjecture [16] . The weights would be those associated to the Schur algebra S(h, h). (Such a weight when expressed as a partition has sum of parts equal to h.) We also speculate on a possible future verification, involving a sufficiently strong version of Broué's abelian defect group conjecture, now a theorem of Chuang and Rouquier [6] in the case of symmetric groups. See Section 7.
The authors wish to thank the American Institute of Mathematics for its support during the June 2007 workshop 'Cohomology and representation theory for finite groups of Lie type: computational methods'. During that meeting, the authors had some fruitful computational discussions with Jon Carlson and Dave Hemmer, reported briefly in Section 7. We hope that these computations will lead to further progress on important questions involving Schur algebras.
NOTATION Given A an abelian category (with enough injectives and projectives), let D b (A) be the associated bounded derived category; see [3] . Let [1] : 
where in computing Ext 
Z/2-quasi-hereditary algebras
Unless otherwise noted, C = C(A) for a QHA A over a field k. The 'weight' poset making C into a highest weight category (HWC) is denoted by . For λ ∈ , let (λ), ∇(λ), and L(λ) be the standard, costandard and irreducible modules indexed by . Thus (λ) (respectively ∇(λ)) has head (respectively socle) isomorphic to L(λ). See [9, 10] for other standard notation on QHAs and HWCs.
Let Z → Z/2, i →ī, be the quotient map. We often suppose that A has a fixed structure A = A¯0 ⊕ A¯1 as a Z/2-graded algebra. Thus A¯iAj ⊆ A¯i +j forī,j ∈ Z/2. We will also assume that A¯1 ⊆ rad A, the radical of A. When these conditions hold, we say that A is a Z/2-QHA. We call C gr = C gr (A) a Z/2-HWC. When no confusion results, given M ∈ Ob(C gr ) and i ∈ Z, write M i in place of M¯i and M(i) for M(ī). We also write A i for A¯i, i ∈ Z.
For
This grading is possible since A¯1 ⊆ rad A and (rad A)L(λ) = 0. For each λ ∈ , let P (λ) denote the projective indecomposable module with head L(λ). By the usual arguments [8] , P (λ) ∈ Ob(C gr ) so that the natural surjective morphism P (λ) L(λ) belongs to C gr . (In fact, this result is used in the proof of (1).) Furthermore, the graded structure on P (λ) with this property is unique. (Dually, the injective hull I (λ) of L(λ) has a unique graded structure such that the inclusion L(λ) → I (λ) is a morphism in C gr .) In particular, it follows easily that if M ∈ Ob(C gr ), then rad M is a graded submodule of M. In particular, for each integer i ≥ 0, rad i M is a graded submodule of M, and rad i M/ rad i+1 M ∈ Ob(C gr ). (These results do not require that A be a QHA.)
The standard and costandard modules are also objects in C gr in a natural way, as we now show. Proof . The proof is based on the arguments given in [8] . If λ ∈ is maximal, then (λ) ∼ = P (λ), and the result follows from the paragraph above the statement of the lemma. For some idempotent e ∈ A 0 , J = AeA is a (graded) heredity ideal in A such that A/J is a Z/2-QHA with weight poset := \{λ}. For μ ∈ , the standard module (μ) for A is obtained from pulling the standard module for A/J back to A through the quotient map A → A/J . Now the lemma follows by induction on | |.
As a consequence, the -filtration of each P (λ) can be taken to be a filtration in the graded category C gr . Thus, P (λ) has top section (λ) = (λ)(0), and lower sections (μ)(m) for μ > λ, m ∈ Z/2. EXAMPLE 2.2 (a) Assume the hypotheses of the lemma. For λ ∈ , let X(λ) be the indecomposable tilting module of high weight λ. Then it can be proved that X(λ) has a unique structure as an object in C gr in such a way that the inclusion (λ) → X(λ) and the epimorphism X(λ) ∇(λ) are morphisms in C gr , if (λ) and ∇(λ) are given their Z/2-gradings as in Lemma 2.1. We will not use this fact below. (Also, similar comments holds when A is Z + -graded.)
, we obtain a Z/2-graded QHA. (c) Assume that k has characteristic = 2. Suppose that A is a QHA and θ : A → A is an involution in Aut(A). Set A¯0 = A θ , the fixed-point subalgebra and A¯1 equal to the −1-eigenspace θ.
To consider a specific case in (c), let : → Z be a function. Now define t as in (*) in the introduction. Let θ ∈ Aut(A) be conjugation by t. Since te λ ae μ t = (−1) (λ)+ (μ) e λ ae μ for a ∈ A, we see that, if char k = 2, e λ Ae μ is contained in the −1-or 1-eigenspaces of conjugation by t, depending on whether (λ) − (μ) ≡ 1 or 0 mod 2, respectively. Independently of the characteristic, we set A¯i to be the direct sum of the e λ Ae μ with (λ) − (μ) ≡ i mod 2.
If (λ) − (μ) ≡ 1 mod 2, then λ = μ, so e λ Ae μ ⊆ rad Ae μ ⊆ rad A. We refer to this Z/2-grading as the Z/2-QHA structure induced by . In this case, let C gr denote the corresponding category of graded modules. (As we note later in Example 5.2, there can exist Z/2-structures on a QHA which do not arise in this way.)
Finally, it will be useful to record the following result. Part (a) is proved in [9, Lemma 2.2] and then (b) follows from (a) and formula (1) of the previous section.
Variations on the enriched Grothendieck groups
Throughout this section A is a Z/2-QHA and is the poset for the HWC C = C(A). First, fix functions , , r, r : → Z. We call , , r, r 'length' functions on , though we will only use their reductions modulo 2-hence, they are effectively Z/2-valued. 
, is defined recursively as the full subcategory of all objects X for which there is a distinguished triangle
To define E L , we replace C by C gr and define E L 0 to be the full subcategory of the derived category D b (C gr ) consisting of objects which are direct sums of objects (λ)(m) [n] , λ ∈ , with
Then E L i+1 is defined as the full subcategory of objects X which are part of a distinguished triangle
To define E L , we use both and . Replace the condition (2) by
with the rest of the construction parallel to that of E L . Both E L and E R are closed under the operation {1} = (1) [1] :
as the quotient of the free abelian groups on objects of E L by the subgroup spanned by all relations
as the quotient of the free abelian group on objects of E L by all relations
is the quotient of the free abelian group on the objects in E L by all relations
Also, for any m, n ∈ Z,
Proof . The proof of (a) is similar to the proof of [9, (3.0.4)]. We leave this to the reader, and we prove (b) in the case of M ∈ Ob(E L ). We first address (8) . Property (8) for M is obviously true on E L 0 by Lemma 2.3, and follows for any
of abelian groups. For m ∈ Z and
so (8) holds. Then (9) implies that (7) holds when (6) does. This proves
We have the following corollary of the above proof. 
COROLLARY 3.3 For a fixed μ ∈ , there is a well defined
by (8) .
, where
In Section 4, we will uniformly impose the conditions = r and = r . However, it is quite useful to consider the slightly more general situation where − r and − r are constant functions mod 2, say (λ) ≡ r (λ) + mod 1 with = 0 or 1. 
Proof . First, assume − r has constant value mod 2. If we replace r(λ) with (λ), then E R remains the same, since (λ) ≡ r(λ) + modulo 2, = 0 or 1. This reduces (a) to a result of [9] . To prove (b), we prove first the following result. 
shows that it suffices to assume that M = (λ)(t + (λ)) [t] and N = ∇(μ) (s + r (μ))[s] for integers s, t. Now apply Lemma 2.3.
As a corollary, we have,
In either case, dim Hom
PROPOSITION 3.8 Under the hypotheses Theorem
in the sense that they are bi-additive and satisfy
Proof . The result is clear, since
for all n ∈ Z. The bi-additivity is an easy consequence of the definition, since M, N is obviously additive over direct sum decompositions of M or N .
COROLLARY 3.9
Under the hypotheses of Theorem 3.5(b), we have
Proof . The result is clear from the definition of p M,μ and p μ,N , together with the sesquilinearity of , .
Another useful way to say the same thing is the following version.
COROLLARY 3.10 Under the hypotheses of Theorem
The sum on the right-hand side is always finite.
The first part of the following 'recognition' theorem essentially restates an old result [9, Theorem 2.4], but the second part is new.
, if and only if for each n ∈ Z and ν ∈ ,
Similarly, X ∈ Ob(E R ), if and only if for each n ∈ Z and ν ∈ ,
Similarly, Y ∈ Ob(E R ) if and only if for each m, n ∈ Z and ν ∈ ,
Proof . Since part (a) is essentially known, we prove only part (b). (In any case, the proof we give for part (b) works easily for part (a).) Let be the ideal of weights ν ∈ such that ν ≤ ω for some ω with L(ω) a composition factor of H
• (Y ). Let γ ∈ be maximal, and let
regarded as a complex of projective modules in C gr [ ] with zero differential. Observe that
by construction. The Hom's in each case may also be taken in the underlying homotopy category of Z/2-graded complexes.
We can easily give a complex map E → Y which induces an isomorphism
for each n ∈ Z and m ∈ Z/2. Indeed, we just filter the n-cocycles Z n (Y ) by a composition series in C gr that passes through the n-coboundaries B n (Y ):
. Adding all the resulting maps over all n ∈ Z and m ∈ Z/2 we get a cochain map E → Y inducing an injection n Hom
, for all n ∈ Z and m ∈ Z/2. The theorem now follows for E L easily by induction on It is useful now to extend the definitions of and r to some objects in D b (C gr ). As a start, we can put ( (λ)) = (λ) and r (∇(λ)) = r (λ), λ ∈ .
Notice that (M) may not always be defined, but is unambiguous when
course). Similar remarks apply to r (M).
There are analogous (but generally different) definitions of parities in the ungraded case, using and r. See [9] , especially Definition 3.3 there, for the case = r and further discussion. REMARK 3.13 If = r , the parities (M), r (M) of a nonzero object M, if they are defined, must be the same by Lemma 3.6 and the fact that Hom D b (C gr ) (M, M) = 0. When M has both a left and a right parity, we will just say that M has parity (M), or two-sided parity (M), if there is a possibility of confusion. In the next section, we will encounter some objects M with a two-sided parity. These modules will include irreducible modules and the radical sections (that is, Loewy layers) of standard and projective indecomposable modules in the presence of the property introduced in Definition 4.1. The parity of an irreducible modules L(λ) in this case will be (L(λ)) = (λ).
Z/2-based Kazhdan-Lusztig theories
We introduced the notion of a Kazhdan-Lusztig theory for a HWC C = C(A) in [9] . Given a length function = r : → Z, C has a Kazhdan-Lusztig theory with respect to provided, for n ≥ 0 in Z and λ, μ ∈ , that
When C has a strong duality in the sense of [7] , it is sufficient that one of the two conditions above hold in order for C to have a Kazhdan-Lusztig theory with respect to .
when C has a Kazhdan-Lusztig theory [9, Theorem 3.5]. As shown in this reference this expresses the left-hand side of (11) in terms of Kazhdan-Lusztig polynomials. We will describe an alternative theory which leads to such a formula. 
and Ext
Taking r := : → Z, the conditions in the above definition imply, by Theorem 3.11, that
, ∀μ ∈ . Therefore, by Corollary 3.10, we obtain the formula (11) from an entirely different starting point.
We saw in [9, Corollary 5. 
Then the natural maps
are surjective for all τ, ν ∈ .
, and ν ∈ , the natural (graded) maps
induced by the inclusion L(ν) → ∇(ν) and the surjection (ν) L(ν) are surjective for all integers n. (In these expressions, we are identifying X and Y with their images in D b (C), obtained by forgetting the graded structures.)
Proof . We first prove (a). If Ext
In fact, such an m is unique in Z/2 satisfying m ≡ (τ ) − (ν) + 1. We also know τ < ν, since C is a HWC. Let E be any graded extension of (λ) by L(ν)(m), and let E be the smallest graded homomorphic image of E which contains L(ν)(m) as a submodule. Since soc(E ) is graded,
soc(E ) = L(ν)(m). Also, the head of E is L(τ ).
Claim: E has a composition series of length two.
If not, let ω be the largest element of for which L(ω)(s) is a composition factor of E , for some s ∈ Z/2, ω = τ , ω = ν. Then there are graded homomorphisms
(ω)(s) → E /L(ν)(m) and rad E → ∇(ω)(s),
resulting in nontrivial elements of Ext 
is surjective. Since the right-hand Ext 1 -group is zero if m is replaced by m + 1 mod 2, the map of ungraded Ext 1 -groups between the same modules is surjective.
By a dual argument, Ext
, is also surjective. This proves (a).
, where n ≡ m + (ν) mod 2. In this case, the required surjectivity follows immediately from Lemma 2.3(a). Now assume that X ∈ Ob(E L i+1 ) so there is a distinguished triangle X → X → X → for which the desired surjectivity holds when X is replaced by either X or X . Assume, for some n ∈ Z and ν ∈ , that Hom 
, the rows in this diagram are exact. By induction, the left and right vertical maps are surjective, so the snake lemma implies the middle map is surjective, as required. (b) In many cases in which a valid Lusztig or Kazhdan conjecture is known, the existence of a Koszul grading is also known. Together with the existence of a Kazhdan-Lusztig theory in our previous sense [9] , this implies the existence of a Koszul grading for which, for n, m ∈ Z and λ, μ ∈ ,
In [15] , Irving call this the 'purity' condition. (Actually, he states the condition only for standard modules, but assumes a duality, so the second statement follows as well.) In particular, taking = r = 0, there is a Z/2-based Kazhdan-Lusztig theory in these cases (even a Z/2-graded Kazhdan-Lusztig theory-see the Note below for a definition-and a graded Kazhdan-Lusztig theory in the sense of [9] ). However, for abstract HWCs, it is possible to have a Z/2-based Kazhdan-Lusztig theory, without having either a Koszul structure or an ungraded Kazhdan-Lusztig theory. See Example 5.2. (c) Let A be a Z/2-graded algebra and assume that A 1 ⊆ rad(A). We say that A is a Z/2-Koszul algebra provided that Ext 
. That is, the parities of the Loewy layers are defined and alternate, with the sth layer having parity (rad s M/ rad s+1 M) = (λ) + s in the sense of Definition 3.12.
(f) Continuing with the hypothesis of (e), observe any object X in C gr which has a two-sided parity, must be completely reducible. This result is a perfect analogue of the ungraded Kazhdan-Lusztig theory result [9, Corollary 4.3] . The proof is completely analogous, replacing everywhere ungraded objects with Z/2-graded counterparts. We omit further details. Only degrees 0 and 1 homological properties of X and E L , E R are used. Note on terminology. We prefer to reserve the term Z/2-graded Kazhdan-Lusztig theory for the case where we have both a length function : → Z for E L , E R and a length function : → Z for E L , E R such that both the above theories work:
for all μ ∈ . We make this distinction to be compatible with previously introduced notion [9] of a graded (over Z + ) Kazhdan-Lusztig theory. Additional (strong) variations of the notion of a Z/2-based Kazhdan-Lusztig theory are discussed at the end of Section 6.
Kazhdan-Lusztig theory versus Z/2-based Kazhdan-Lusztig theory
In this section, we investigate the relationship between the existence of a Kazhdan-Lusztig theory and the existence of a Z/2-based Kazhdan-Lusztig theory. Let A be a QHA with weight poset , and consider the Z/2-QHA structure induced by a fixed function : → Z as defined in Example 2.2(d). Proof . We have to prove that, under the stated hypothesis, given n ∈ Z + , m ∈ Z,
We will prove (13) , leaving the dual argument for (14) to the reader.
Fix λ ∈ , and let
be a minimal projective resolution of (λ) in C. For a given i ≥ 0, P i is a direct sum of various projective indecomposable modules P (μ),
Since C has a Kazhdan-Lusztig theory with respect to , it follows that i ≡ (λ) − (μ) mod 2.
Each P (μ) carries a unique Z/2-grading with head L(μ) ⊆ P (μ). Grade P i by putting
In P i this grading is shifted by (μ) − (λ).) Each idempotent e μ further decomposes as a sum e μ = e μ,1 + · · · + e μ,d μ of primitive orthogonal idempotents so that
Since any morphism Ae μ,i → Ae ν,j is right multiplication by e μ xe ν for some x ∈ A, it follows that the differential P i → P i−1 in (15) is a morphism in C gr . (1) and the assumption that C has a Kazhdan-Lusztig theory imply that (λ) − (μ) ≡ n mod 2. Thus, each summand of P n has head in degree (λ) − (μ).
Thus, if Ext
The following example shows that the converse to the above theorem fails. Certainly, A has no Kazhdan-Lusztig theory in the sense of the parity conditions of [9] , since the groups Ext
Also, A has no Koszul grading. This is fairly evident from the structure of P (b) above, and we leave further verification of this fact to the reader.
However, we will show that A has a Z/2-based Kazhdan-Lusztig theory with respect to a suitable Z/2-grading and 'length' function : → Z. For the Z/2-grading, we assign e ab and e ba degree 1 in Z/2, and each of the other generators e i,j or e i degree 0. For the length function, we set (a)
Next observe the following minimal projective resolutions, which are also minimal Z/2-graded projective resolutions: L(μ)(m) ) with these resolutions, we find, for n ∈ Z, m ∈ Z/2 and λ, μ ∈ , Ext
Here C gr denotes the category of Z/2-graded A-modules. Next, we consider the dual condition involving costandard modules. Using linear duality, this amounts to the above standard module condition, but with A replaced by A op . The PIM's for A op are found to be Minimal graded projective resolutions of the standard modules op (λ) are given as follows:
Computing with these resolutions, we find, for n ∈ Z, m ∈ Z/2 and λ, μ ∈ ,
This completes our proof that C = C(A) has a Z/2-based Kazhdan-Lusztig theory, though it has neither a Kazhdan-Lusztig theory in the sense of [9] nor a graded Koszul structure.
Homological duals
If A is a finite dimensional algebra over the field k, let L 1 , . . . , L n be the distinct (up to isomorphism) irreducible A-modules, and put + -grading on the underlying algebra and that standard modules have 'pure' projective resolutions. This requirement is equivalent to the standard module part of (12). Dyer and Irving also assume a duality, but the assumption of a dual condition on costandard modules is sufficient. The 'purity' condtiion and its dual-together comprising (12)-also imply that the underlying algebra is Koszul [15] . In [1] , Agoston et al. proved that C ! is a HWC (or, more precisely, they showed the underlying algebra is QHA) under an hypothesis similar to that used by Dyer and Irving, but defining Koszul algebras and resolutions like the 'pure' resolutions of Dyer in terms of very strong filtration conditions, rather than giving conditions in terms of a grading (which they do not require).
We now prove the following Z/2-graded version of this result. Our proof is quite similar to the argument given in [10] . However, by Theorem 5.1, the result below actually implies [10, Theorem 2.1]. For this reason, we give complete details; besides, the argument below simplifies somewhat the earlier argument. Proof . List as λ 1 , . . . , λ t so that λ i < λ j ⇒ i < j. Let
so that s 1 , . . . , s t form a complete set of primitive idempotents. 
Observe that we have
Step
For any λ ∈ , Lemma 2.3 gives, for n, m ∈ Z, a surjection Hom
, by Theorem 3.11. Moreover, we can say something stronger:
for all integers m, n and λ ∈ . Therefore, summing over m = 0, 1 and the λ ∈ , we get a short exact sequence 0 → Hom
Step 1, we obtain by induction (on the integer i for which
Step 3. Let X j := Hom
, there is an exact sequence
where the left hand map has degree 1. Thus,
Step 2, giving a surjective map Ext
where the second inequality follows by a dual argument. Letting M = N = ⊕L(λ j )( (λ j )) in Corollary 3.10, we obtain ν dim Ext
an isomorphism. This forces s j A ! j s j = k, and completes the proof of the assertions in (18) . We remark that, as the proof shows, we can take the poset of C ! to be op . In [12] , we gave a condition, denoted SLK and based on [10, (3.6.1)], which is stronger than a Kazhdan-Lusztig theory, and which implies that C ! is not only quasi-hereditary, but also has a graded Kazhdan-Lusztig theory. (Equivalently, as shown in [10] , C ! is Koszul and has a Kashdan-Lusztig theory.) It is easy to formulate the notion of a Z/2-based SKL -theory, as in the hypothesis of the theorem below, which we give without proof. (The proof uses Remark 4.3(e).) THEOREM 6.2 Let A be a Z/2-QHA. The following conditions are equivalent:
(i) For each λ, μ ∈ and m, n, s ∈ Z,
(ii) For each λ, μ ∈ and nonnegative integers n, s, the maps
are surjective. Proof . We prove (a) (along the lines of [15] and [10] ). There is a sequence of distinguished triangles
) and using Theorem 6.2(ii), we obtain the desired pure resolution for the standard modules in C ! . There is a dual resolution for the costandard modules. Property (b) is equivalent 3 to [15, 4.4(ii)], one of the main conclusions of that paper, though it is proved there under the assumption of a Z + -grading on A such that the standard and costandard modules satisfy (12) . An equivalent property is also proved in [9, (3A. 3)], under the Z + -graded Kazhdan-Lusztig theory hypothesis. We can argue here directly from the distinguished triangles (23): When Ext n C (−, ∇(μ)) is applied to those distinguished triangles, we obtain exact resolutions of each of the k-spaces Ext n C ( (λ), ∇(μ)), and the equations of (b) follow by taking the alternating sum of the dimensions. Similar remarks apply in the dual socle series case for costandard modules.
Finally, (c) follows as in the proof of [12, Theorem 2.2(a)], which shows that the graded algebra in (c) is Morita equivalent to A !! (and is also a QHA by the theorem of Dyer [14] ). REMARK 6.4 (a) Condition (ii) in Theorem 6.2 is likely equivalent to filtration conditions used in [1] . This would give an alternative approach to proving (a) in Theorem 6.3.
(b) In [12] , we showed there was an even (apparently) stronger property than SKL that held at least in the good cases where C has a graded Kazhdan-Lusztig theory. When this held, we said that C satisfied an SKL theory; it is equivalent to replacing, in the context of a Kazhdan-Lusztig theory, L(μ) by ∇(μ) and (μ), respectively, in the first and second parts of condition (ii) in Theorem 6.2. In the present context, we can make the same definition to obtain a Z/2-based SKL theory. (c) Equivalently, a Z/2-HWC has a Z/2-based SKL theory if it has a Z/2-based Kazhdan-Lusztig theory with respect to a function = r : → Z, and, for each λ, μ ∈ and s ∈ Z, we have
(d) Finally, though we expect the best examples to have a Z/2-based SKL theory, even one induced by a Koszul grading, it is a theme of this paper that Z/2-based Kazhdan-Lusztig theories may be easier to find.
Kazhdan-Lusztig theory and Broué's conjecture
One motivation for studying Z/2-based Kazhdan-Lusztig theories is the possibility that such theories might be easier to verify for algebraic categories involving singular weights. The idea is that exact functors, such as translation functors to a wall or facet, might more easily be found to preserve a Z/2-grading than the parity in a length function. This philosophy has, so far, not been substantiated, but has lead, nevertheless, to the discovery of unanticipated examples in the singular case. These examples have a length function satisfying the original formulation of a Kazhdan-Lusztig theory [9] , though it is doubtful the authors would have had the courage to investigate them without the Z/2-based theory in hand.
To illustrate the approach, we begin by proving a special case of the Lusztig (and James) conjecture, using only symmetric group theory existing prior to [6] : The (new) result is that all L(λ) for SL p (k) which have regular high weight λ ≤ p 1 satisfy the Lusztig character formula (LCF). From the classical viewpoint of [17] (say), the original conjecture is noted to be true only for A 3 and in all rank 2 cases. Indeed, we will not settle the conjecture for all regular weights of SL p in the Jantzen region, but our point of view will be to focus on a smaller, but nontrivial collection of regular weights.
To sketch the proof, the modular theory of the symmetric group S p (p > 2) of degree p gives a resolution of the Specht module S 1 p by Young modules Y λ (the indecomposable components of permutation modules associated with all partitions λ p):
This resolution comes from Brauer's defect 1 theory and its subsequent interpretation by James, but its resemblance to the Solomon resolution [25] ≤ p 1 ) . Visibly, the parity conditions for a Kazhdan-Lusztig theory in the sense of [9] hold, with length function equal to the number of parts of a partition. The results [9] thus imply that the (LCF) holds for these weights (with the length function assigned by Lusztig)! We can pass to a similar resolution as (24) of Specht modules byYoung modules for the direct product E = S p × · · · × S p (n < p factors). And, though Specht and Young modules are not officially defined for the group N = S p S n = E S n = N S np (E), we at least get resolutions of the modules S λ ↑ N E by modules Y λ ↑ N E , which are again direct summands of natural permutation modules. The Broué conjecture guarantees that the derived categories of S np and N are equivalent. (The conjecture has been established by Chuang and Rouquier [6] , and so there is such an equivalence. 4 ) Moreover, formulations by Broué-Rickard [5] provide, in this equivalence, a correspondence between objects represented by complexes of direct summands of permutation modules. Projective modules of the Schur algebras S(m, np) are obtained by contravariant Schur-Weyl duality from such modules.
We speculate here that, with a deeper study of Chuang and Rouquier [6] , it might be possible to reproduce the essential ingredients of the above result for SL p instead for SL np , n < p. In addition, SL m with p 2 > m, should be similarly attackable, and the method could yield a proof, in general, of the James conjecture at pth roots of unity [16] . We have checked that the required Specht module resolutions exist in the case n = 2, p = 3. Here the symmetric group is S 6 . The two most complicated resolutions are: The resolutions in all cases are given in Tables 1 and 2 at the of this section. All resolutions lift to Z 3 S 6 . They were obtained with standard symmetric group representation theory, together with the methods of [24] . A key property is that the partitions indexing the Y λ s in a given degree alternate in parity, if we declare (5, 1), (3, 2, 1), (2, 1 4 ) to be 'odd' and all others 'even'. This discussion provides the first example of any kind of Kazhdan-Lusztig theory for a Schur algebra (or any reductive algebraic group) for p < h (the Coxeter number, which is m for SL m ). Indeed, as of this writing, it appears that the Schur algebra S(6, 6), when p = 3, has a graded Kazhdan-Lusztig theory. This statement is equivalent to the Koszul property in the presence of a Kazhdan-Lusztig theory [10] . As a result of discussions at the AIM workshop (mentioned in the introduction) between the latter two authors with Dave Hemmer and Jon Carlson, Carlson has calculated the radical and socle series of the PIMs (for a Morita equivalent basic algebra) for S (6, 6) . These filtrations appear to be consistent with the Koszul property. (See http://www.math.uga.edu/∼jfc/schur.html.) All weights, when p < h are, of course, singular in the sense of alcove geometry. 
